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SUMMARY // 7 i 035
- -

The interaction of radial and axial rarefaction waves has been
investigated by considering the expansion of a finite length cylin-
drical gas cloud into a vacuum, A numerical finite difference scheme
was used for the integrétlon of the basic comnservation equations of
gas dynamics. A "toral" co-ordinate system was developed for the
solution of the flow in the "corner' regions of the cylinder. A

perfect gas with g =3 was assumed and numerical results are given for

three cases of radius to half length ratios greater than, equal to

and less than unity. In spite of the simplicity of the physical model

studied, experimental observations such as cloud shapes and the "indent-
ations" made on witness plates downstream of the bumper are predicted by

the present results.
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INTRODUCTION

In the existing theoretical studies of hypervelocity impact
phenomena by Bjorkl and Walshz, the exact impact model has been tackled
and elaborate computer codes have been developed to handle the problem
in its entirety. Apart from the fact that considerable time and effort
must be spent in developing these computer codes, this approach also
suffers the disadvantage that it is not possible to determine the
importance of, or the role played by, the various fundamental processes

in the overall impact phenomenon,

A physical description of the end-on impact of cylindrical
pellets with thin bumper plates has been given previously by Bu113.
Subsequently, the fundamental processes of the one-dimensional radial
and axial expansion of the condensed state generatéd by the impact
shocks were studied in detaila. In the present report, the radial
and axial expansion processes are coupled and the interaction of these

two sets of rarefaction waves (i,e. radial and axial) are investigated,

In the present program of theoretical studies of end-on impact
of cylindrical pellets with thin bumper plates, it was decided that a
fresh approach should be taken. The impact phenomenon was first
analyzed and then broken down into various fundamental processes, since
it was believed that more fruitful results and a better understanding
of the problem could be achieved in this manner. These physical

processes were first studied individually and then progressively coupled



together to form the complete impact model.

Upon actual meteoroid impact, it is assumed that the meteoroid
and the impacted area of bumper will be vaporized forming a cylinder
of highly compressed gas. This cylinder moves out from the bumper
and begins to expand as the restraining medium is left behind. This
report is an attempt to study analytically the expansion of this

compressed cylinder of gas,

The physical model considered is the expansion of a cylindrical
gas cloud of finite size, initially of diameter "2R," and length "2L,".
The cloud is shown in Figs. 1.1 (a) and (b) at time t = 0 and at time

t >0 respectively,
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Figure 1.1 (a)
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Figure 1,1 (b)

Depending on the ratio of the diameter to the length of the
cylindrical gas cloud (i.e, I-{°/Lo) the interaction processes are
different, For example, if R°/Lb'< 1 (i.e. a long cylinder) the
radial rarefaction wave will arrive at the axis of synmét:ry before
the axial rarefaction waves (coming from the two ends) meet, For
Ro/Lb >1 (i.e. a short cylinder), the reverse is true, For a
square cylinder (RO/LO = 1) both the axial and radial expansion

waves converge at the center simultaneously, All three cases (i.e.

R°/L.o<:1, Ro/Lo =], and R°/L03>1) are studied in the present work,

The expansion processes are assumed to be isentropic, with

heat transfer, chemical and viscous effects being neglected, The



gas cloud is taken to be uniform initially, and is assumed to act as

a perfect gas with F = 3,

The present problem, which involves two space co-ordinates as
well as one time co-ordinate, cannot be solved analytically. Indeed,
even for unsteady one-dimensional cylindrical or spherical expansions,
analytical solutions of the similarity type exist only for non-uniform
gas clouds with very special initial density distributionss. Instead,
the expanding finite cylinder must be studied through exact numerical
integration of the basic conservation equations., There are two pos-
sible numerical methods that can be adopted, the method of character-
istics or a finite difference scheme. When the method of character-
istics is used, the analysis involved is extremely complex since
characteristic surfaces rather than characteristic lines have to be
considered for a two-dimensional problem, A finite difference approach

was therefore used in the present work.



2,0 THEORETICAL ANALYSIS

2.1 Basic Equations

In the absence of heat transfer and viscous effects, the

conservation equations can be written as

-~

}

Continuity Qﬁ + ﬁv‘ V =0 (2.1)
Dt
Momentum D;\? + L V‘P = O (2.2)
Dt
p(%
Energy De + ’P = P) = 0 (2.3)
Dt Dt
-
where P s /P , £ , and V are the density, pressure, energy and
particle velocity respectively,
é%% is the convective time derivative defined as
-l -
b = 2 V.9, (2.4)
Dt ot
For a perfect gas, the equation of state is given by
2 =_1 P . (2.5)

Using Eq. 2.5, the energy equation (

(% +V-‘3).’£§ = %(%) =0. (2.6)

Eq. 2.6 merely states that the entropy for each fluid particle remains
constant, Since the expansion process in the present problem is assumed

to be isentropic throughout, Eq. 2.6 is satisfied automatically and the




continuity and momentum equations are sufficient for the complete
description of the expansion processes, However, for isentropic

flow, it is more convenient to use the particle velocity and the

local sound speed (J_ as the dependent variables where Q. is de-

fined by the relationship

2 P

- f;l ~

o = le . (2.7)

The basic equations now become:

2 de o Nve\+ aVeV =0 (2.8)
".(}.-| k Ay /

i ,'L(\T.\:/">‘\7+_2.a.va,=0, (2.9)
ot ) X-\

2.2 Flow Regions

For the analysis of the problem, only one quarter of the

cylinder need be considered,

~— | o -——"r

Shape of Expanding Gas Cloud

Figure 2.1




-7 -

- Originally, the cylinder has radius R, and half length Lo’ with the

| "corner" at P (Fig. 2;1a). This figure shows only one quarter of the

| cylinder., Later, when the expansion has proceeded for some time, the
escape front (actually a surface) will have a shape as in Fig, 2,1b,
It is interesting to note that the corner originally at P will now be
at Q and will still be sharp since it is formed by the intersection

i of the radial and axial rérefaction fronts, A pictorial drawing of

the entire cylindrical gas cloud after the expansion has proceeded for

some time is shown in Fig, 2.2 below,

The Shape of An Expanding
Cylindrical Gas Cloud

Figure 2,2

From this model, it is clear that the cylindrical co-ordinate
system is well suited for numerical solution of this problem, since

the flow is axisymmetric. It was found, however, that it was more convenient




to split the flow field into two regions and to use a different co-

ordinate system for each region.

For the regions A, B and C, of Fig. 2.1 the cylindrical co-
ordinates I' and 2 were used, where " is the radial distance from the
axis of the cylinder and # is the distance along the axis from the

center.
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Figure 2.3

On the other hand, region D (the quarter-toroidal volume
commencing at P) was found to be more conveniently analyzed using
co~ordinates R and @ as shown in Fig. 2.3. It is seen that the sur-
faces, R = constant, generate tori with the common center line P of
radius R,. The surfaces @ = constant generate cones whose apexes lie

on the axis of the cylinder. For brevity, this latter co-ordinate
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system will be referred to here as the "toral" co-ordinate system
. (not to be canfused with the well known and quite different toroidal
co-ordinate system), The general toral co-ordinate system is

illustrated in Fig. 2,4.
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Figure 2,4

The basic equations 2.8 and 2,2 can now be written in terms of

cylindrical and toral co-ordinates,

a) Cylindrical Co-ordinates:

Let u and v be the components of the particle velocities in the

axial and radial directions respectively, Then, in component form,




Egs. 2.8 and 2.9 become:

AN N T, AW b—lr+b_l_~+1)=o 2.10
IOt e oz) Mor "o Y @10
OV ¢ VN L udV 4+ &2 00 _ O (2.11)
Dt 2r o2 ¥-1 (13
du + VU 4+ udw + 2 a0 . O 2.12)
Ht. r 0z ¥-i o2

The above equations have been used everywhere in the flow field
except in the part designated as Region D in Fig. 2.1b. For Region D

the equations are written in terms of toral co-ordinates.

b) Toral Co-ordinates:

Referring to Figure 2.3, the transformation for a point P' from

cylindrical to toral co-ordinates is
r« R, + RsnB
z2: Lo +RcCosE

(2.13)

The partial derivatives EL and §2 in terms of toral co-ordinates are
or 0%
Q2 . R 2 +22 2 2.14)
or o2r OR DC 06
0 = 9R 2 4+ 22 O . (2.15)
02 D2z R 2z e

From Eqs. 2.13, one obtains

R = [(2-L,)2+(r— F2°>)' ]—li , (2.16)

Using Eq. 2.16, Eqs. 2.14 and 2.15 become:

2 snB D 4 s6 P
D0 OR R 08 (2.17)
O . 56 -~ SMO P
o2 2R R e
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Substituting Eqs. 2.17 into Egqs. 2.10, 2.11, and 2.12, the conservation

equations become:

MASS CONSERVATION:
..Z—"@_wsfn@vw'_uaiu>+%s wd + N 0
¥-1 Lot (57? R 22 2R R

(2.18)
+alsin? D_V-_'—Dﬁ«)+ Cns&(% +-l-b 34— N -
2R R 08 2k R Jp R+ Ren® =0
MOMENTUM CONSERVATION in the F direction:
2 +sin® (V2T - LAV 4 5 <u?1f N v
Dt DR R »e R R & (2.19)
~2_ 0fsinega 4 cos® Jdo\ - o
A= ( IR R 00
MOMENTUM CONSERVATION in the # direction:
e S(w@(‘\faw & D&)q—@se u‘()& + -_3.&
ot R e (2.20)

+_ 2 a(cusgg— Sim 8 3&,) =0
X1 R R D®

2.3 Initial and Starting Conditions

Based on the physical model described in Section 1, the initial

conditions of the cylindrical gas cloud are:
a-Qa,

-y

and Q=0, N

<l

=Df0r —ZéLo’ réRo

O elsewhere

at time t = O

Since initially, the demnsity of the cylindrical gas cloud is uniform,
the gradient of the sound speed "@'" is infidite at the boundary £= L,
and ™= R,. It is therefore not possible to start the numerical inte-

gration of Eqs. 2.10 to 2.12 with these initial conditioms.
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The expansion of the gas cloud for the first time increment,
however, may be approximated by a planar solution, since in the
£ -direction, this is actually the case, and in the I" -direction,
such an approximation led to satisfactory results in a previous studyA.
In addition, the singularities which exist at the corner of the cylin-
der can be eliminated by assuming that the corner possesses a small
radius of curvature. The curvature effects, even in the cornmer region,
can be neglected, since it was previously found4 that the overall flow
field is rather insensitive to the starting conditions. These starting

conditions at the first time increment may now be found.

Because of these considerations, the initial cloud geometry was
slightly modified. It was assumed to be of radius R, 4-(10[5 and half
length Ly, +Q,A with corners of radius of curvature of QoA . After a

small time interval A has elapsed, the flow field will be as shown in

Fig. 2.5.
1g ! lao |
| "
2
|
Y A=mmmm Tis
l { %ot CIM
! — + £ 3
P
{ |
. |
r\
“ = Qb-q——m- C% S -}EE| Q.
I
]
|
z L

Figure 2.5
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The radial expansion in region A was treated as planar similar to
the axial expansion in region C during the small time interval fA . The
distributions of the particle velocity and the sound speed with radial
and axial distances after the expansion has proceeded for a time t = A
can be obtained readily by the method of characteristics as described

in Ref. 4. They are:

In region A <O £z < Lo) ,

for o(f‘( QO, {CL:QO
w=v=0 ’
for Ro€r<€ R+l A, [a=a,- %I (r- eo)
8- A(¥+1) @.21)
=0 )

for r>R+¥%1 a A q-m=v=0.
¥-1i
In region C (0 £€r < Ra) ,
for 04%41-0’ = Qo
=\ = 0O

e

“ .

for L,€ 2€ Lo+3+iqhA, a =0,-3%-1 (2-1
° ¥-i % A(&H)( )

w =2 -L (2.22)
A(&H)( °>
¥ =D ;
for ,z_>L,,+_§L+_taoA, Q@ =U4=Vv=0
-1
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For smooth transition from region A to region C, the starting conditions
in the corner region D were assumed to be identical to those in regions
A and C as given by Eqs. 2.21 and 2.22. This assumption guaranteed a
matching of the flow variables in all three regioms. In toral co-

ordinates, the starting condition for region D can be written as

o <R ¥ g A a:q,-%-1 R
% A(S+1)
O£l w=_2 PRcos®
2 i A0 (2.23)
Vv=_2 Rseinb.
AQ¥+ 1)

It is seen that when 83% and =0, Eqs. 2.23 reduce to Eqs. 2.21 or

2.22 or regions A and C respectively., With the starting conditions now
determined, (Eqs. 2.21, 2.22 and 2.23) the basic conservation equations
(Egs. 2.10 to 2.12 and Eqs. 2.18 to 2.20) can be integrated numerically

by a finite difference scheme.

2.4 Selection of the Mesh

For the finite difference numerical calculation, the expansion
flow field was replaced by a mesh of lattice points as shown in Fig. 2.6.
Except in region D, a "square" grid with mesh gize h was used. A
“"circular" grid was devised for region D as shown in Fig. 2.6. In this

region, the mesh point (i,j) is given by the toral co-ordinates
R’G,j) = th

- (2.24)
& (‘, \ L LY J .
(L =24
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Figure 2.6

With the choice of mesh as given by Eqs. 2.24, AR=h and RAG =T_sz
so that the same form of difference equation applied everywhere in the

toral region.

2.5 The Difference Equations

For the square mesh region (See Fig. 2.6) the partial derivatives of
a flow variable £<}32:,t) were approximated by the following centered

differences:
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ot (r,2,t) = pleen,2,t) -f(ch,2.t) (2.25)

2r Zh

D@ (r,2 t) > g(r,2+ht) - £(r, 2k X) (2.26)
2h

2>€ r,2,1) % ——[C(rz teat)-¢ [(M 2 )+ (L2 t)
( 2.27)
(e L)+ 5Cr 2k t)ﬂ

Substitution of Eqs. 2.25, 2.26 and 2.27 into the basic equations
(Egqs, 2.10, 2.11 and 2.12) resulted in explicit forms for the solutions
of the properties at the new time t-+Ati11terms of the properties at

the previous time t .

In the toral region D, the derivatives of a property F at the mesh

point (i,j) were taken to be:

& () ) = --BC(L+|,W 1)+ (L j)‘F(“",J t)
'J‘c(" g )- (L-JH(H )t)] (2.28)

T R
(e, t) -——[4(”,t+At ~ —{ £iwy, o, L) 2.30)
"'U‘H ‘,+! 7’)+J£/L—l j-! t>+(" - £<"_ v\ tn] .

1
R

2f (¢
2t

By substituting the above equations into the basic equations
(Eqs. 2.18, 2.19 and 2.20), explicit relations were obtained for the

determination of the flow variables at the next time step.

Since a perfect gas with '% = 3 was assumed throughout the present
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study, both the escape front and the head of the rarefaction front
propagate at the same velocity, equal to the initial undisturbed sound

speed {d,. To ensure stability, the space-time mesh ratio was taken a56:

ho-oa, @30
At
It should be mentioned that the choice of the toral mesh was
partially dictated by stability conditions. From Eqs. 2.24 and 2.31,

one obtains

which satisfy the stability requirements. From Eq. 2.31, one readily sees
that with each time step, new rows of mesh points lie on the new escape

and rarefaction fronts. This simplifies the numerical calculations.

Referring to Fig. 2.6, where the meshed region (including region D)
represents the entire flow field at any instant of time, it can be seen
that the only part of the flow field containing two-space dimensional
effects is the area bounded by the lines QN', QM' and the escape front
N'NMM', This is the region where the interaction of the radial and
axial rarefaction waves occurs. The region QN'SR is a purely one-
dimensional cylindrical expansion while region QTUM' is a one-dimensional

planar expansion investigated previouslyé.
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RESULTS AND DISCUSSION

Whether the axial or radial rarefaction dominates the overall
expansion of the cylindrical gas cloud depends on the geometry of the
cloud itself (i.e. the ratio RO/LO). For example, the expansion of a
cylindrical cloud with RO/Lo > 1 will be mainly exial, while for R°/LQ<1,
the expansion will be mainly radial. Numerical computations have been
performed for all three cases; a long cylinder Ro/Lo = 1/2, a square

cylinder RO/Lo = 1 and a short cylinder R0/10 = 2,

All the numerical results presented in the present study are based
on a value of &== 3. In a previous studya, it was found that\hsing
~é = 3, the one-dimensional cylindrical expansion field of condensed
aluminum processed by a strong shock of density ratio {4 = 2 can be
described accurately. Hence, in the present study of e%pansions involving
two-space dimensions, numerical calculations using Tillotson's equation
of state were not performed again, since the effect of the equation of
state on the expansion flow field had already been determined in the

previous work4 on one-dimensional expansion. This illustrates one of the

advantages of the stepwise approach adopted in this study.

For isentropic flow, two flow variables are sufficient for the
complete determination of the flow field. The present study used the
sound speed @, and the particle velocity V as the two flow variables. With
the sound speed known, the density, pressure and internal energy can be

found directly from the isentropic relationships

L
n \ 2

/
(3 (3.1)
\Z.

o
]
to
o
ry
Rt
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where the subscript ¢ denotes the initial conditions.

All the numerical results presented are in dimensionless form.
The dependent variables @, &, and V are non-dimensionalized with
respect to Q,. The independent variables t , ¥, and 2 are non-

dimensionalized as follows:

For Eag ;; { r 't 9121;
Lo |2°

| r=r

Ro

(2 = 2

Ro

For Eig < [ .t = E%fg
— § r = c
Lo

Lz = 2

——

P

o

where the primed quantities have dimensions.

-t

The variation of the sound speed (- and the particle velocity V
with radial and axial distances at different times t for the three
geometries (i.e. Ro/L0<f 1, RO/LD = 1, and RO/L°'>>1) are given in

Figs. 3.1 to 3.12,

Due to the two-dimensional geometry of the gas cloud, it is diff-
icult to make meaningful quantitative comparisons between the present
results and those obtained previously for purely planar, cylindrical

and spherical expansion. However, on a qualitative basis, the inter-
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action of radial and axial rarefaction waves can be demonstrated by

the shapes of the various sound speed profiles. For example, at all
times the distribution of the sound speed for one-dimensional planar
expansions are monotonic functions of the space variable 'x'", decreasing
smoothly from its value at the center line to zero at the escape front.
Referring to Fig. 3.9, where the distributiPns of the sound speed along
the Z axis for a short cylinder (RO/L° = 2) at various times are shown,
one can see that before the effect of the radial expansion is "felt" at
the # axis, the sound speed Q. decreases monotonically from its value at
the center to zero at the escape front, identical to the one-dimensional
planar expansion case. As the radial rarefaction waves reach the € axis,
material is escaping in a radial direction as well as in the axial
direction. This results in a flattening of the sound speed (or demsity)
profiles near the center of the gas cloud as shown in Fig. 3.9. Since
the rate at which mass is escaping is higher for radial rarefactions
than for axial rarefactions, an anomalous "bump' is developed in the

density profiles which finally smooths out at large times.

The effect of the interaction between radial and axial rarefaction
waves on the center line distributions are qualitatively similar for all
the three cases studied (i.e. R°/L°‘: 1, RO/LO = 1 and R0/Lo >1). A
comparison of the axial density profiles for the three cases at a value
of { when the axial escape front has traversed a distance of 2L jis
shown in Fig. 3.13. The higher rate of '"mass ejection' by the radial

rarefactions in the case of R°/L°<: 1 is demonstrated by the much more
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rapid density and speed of sound decay in the case of RO/LO = 1/2,

Due to the two-dimensional nature of the present problem, the
interaction of radial and axial rarefaction waves cannot be effectively
demonstrated by the center-line distribution shown in Fig. 3.1 to 3.12,
and a two-dimensional plot is required. In Fig. 3.14, constant sound
speed contours (or constant density contours since for E= 3, a =F)
for a square cylinder are plotted at that instant of time when the
escape front has moved a distance of 2R,. The shape of the escape fromt
is shown as a dotted line and the density profiles through three sections
of the expansion field are also plotted. Two interesting observations
can be made from Fig, 3.14. Because the density of the material near
the escape front is extremely low and changing density slowly, the
boundary of the expanding cloud shown in the shadowgraphs obtained
experimentally by the Beckman-Whitley high speed framing camera is
probably that of the higher-density contours. A typical shadowgraph
of an expanding cloud is shown in Fig. 3.15 and as can be observed, the
cloud boundary is similar to that of the .01 or .04 constant density
contour of Fig. 3.14. This indicates that the particular shape of the
expanding cloud as observed experimentally is compatible with the

theoretical prediction given here,

Another interesting observation is the non-uniform change of
density in the expansion field which results from the interaction of
radial and axial rarefaction waves, (For purely one-dimensional

expansion, the density decreases uniformly from the center of the cloud
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to the escape front.) This non-uniform density variation could
produce the ring-shaped indentations which have been observed on

a witness plate downstream of the bumper.

The mass distribution profile in the radial direction through
section BB as shown in Fig. 3.14 clearly indicates that a concen-

tration of mass exists near the periphery of the cloud.

The direction and the magnitude of the particle velocity on a
particular surface in the expansion field for a square cylinder
(RO/Lo = 1) and a short cylinder (Ro/Lo “>1) are shown in Figs. 3.16
and 3.17 respectively. As can be seen, the direction of the par-
ticle velocity gradually changes from the axial direction on the #
axis to the radial direction on the I" axis, while its magnitude is
almost constant along the surface. This indicates that, in spite of
the fact that the density variation is non-uniform, the mass flow from
the expanding cylinder is almost symmetrical with respect to its original

shape.
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CONCLUDING REMARKS

Perhaps the most important conclusion that can be drawn from the
results of the present study is that the initial geometrical shape of
the gas cloud strongly influences the resultant expansion field. Due
to the different rates of expansion in the radial and the axial direction,
a non-uniform distribution of mass occurs in the expanding cloud. This
non-uniformity cannot be explained by purely one-dimensional consid-
erations. In spite of the simplicity of the present physical model,
the results shed considerable light on some of the experimental obser-

vations made as previously discussed.

The present development could be refined by removing the approx-
imation made in determining the starting conditions as described in
Section 2.3. Such an investigation would provide quantitative results
of the effect of starting profiles on the subsequent flow field at later
times and would be of interest to future studies of hypervelocity impact
problems involving three space variables. Also, the study of the inter-
action of spherical and cylindrical rarefactions by considering the
expansion of a cylinder with hemi-spherical ends and the expansion of
gas clouds of arbitrary shapes is not only of academic interest, but also
of practical interest in the study of end-on and oblique impacts of

pellets of arbitrary shape.
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c AXAIQL PROFILE OFA SECTION CONTAINING 'IHE ¢
Z AXIS

RADIAL PROFILEOF A SECTION CONTAINING THE r AXIS

EXPANSION
FRONT

el e L Ly —

FIG. 3.14 CONSTANT DENSITY CONTOURS FOR THE SQUARE CYLINDER
WHEN ESCAPE FRONT PROCEEDED OUT A DISTANCE OF 2 Ro

RC-88
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FIG. 3.15 SHADOWGRAPH OF AN EXPANDING GAS CLOUD

RC=-89
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